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With the help of the Berry curvature and the first Chern number (C1), we both analytically and numerically
investigate and thus simulate artificial magnetic monopoles formed in parameter space of the Hamiltonian of
a driven superconducting qubit. The topological structure of a spin-1/2 system (qubit) can be captured by the
distribution of Berry curvature, which describes the geometry of eigenstates of the Hamiltonian. Degenerate
points in parameter space act as sources (C1 = 1, represented by quantum ground state manifold) or sinks (C1
= −1, represented by quantum excited state manifold) of the magnetic field. We note that the strength of the
magnetic field (described by Berry curvature) has an apparent impact on the quantum states during the process
of topological transition. It exhibits an unusual property that the transition of the quantum states is asymmetric
when the degenerate point passes from outside to inside and again outside the manifold spanned by system
parameters. Our results also pave the way to explore intriguing properties of Abelian Wu-Yang monopoles in
other spin-1/2 systems.
I. INTRODUCTION
In nature, magnetic poles always come in twos, a north and
a south. Yet their electrostatic cousins, positive and nega-
tive charges, exist independently. In 1931, Dirac developed
a theory of monopoles consistent with both quantum mechan-
ics and the gauge invariance of the electromagnetic field [1].
The existence of a single Dirac monopole would not only ad-
dress this seeming imbalance which appears in the Maxwell’s
equations, but would also explain the quantization of elec-
tric charge [1, 2]. Up to now, magnetic monopole analogues
have been created in many different ways, such as superfluid
3He [3, 4], exotic spin ice [5–7] and spinor Bose-Einstein
condensates [8–15]. Methods in Refs. [12–14] could be re-
garded as excellent examples of quantum simulation of mag-
netic monopoles. Quantum simulation was originally con-
ceived by Feynman in 1982 [16], which permits the study of
quantum systems that are difficult to study in laboratory. For
this reason, simulators are especially aimed at providing in-
sight about the behavior of more inaccessible systems appear-
ing in nature. By introducing the point-like topological de-
fects accompanied with a vortex filament into the spin texture
of a dilute Bose-Einstein condensate, researchers provided an
ideal analogue to Dirac monopole [10].
The topological properties of quantum systems play an ex-
traordinary role in our understanding of the fundamental sig-
nificance of natural phenomena. For example, the first Chern
number (C1) [17], which is a kind of robust topological in-
variants staying the same by small perturbations to the sys-
tem can be used to help categorize physical phenomena. It is
closely related to Berry phase that arises in cyclic adiabatic
evolution of a system in addition to the dynamical counter-
part [18]. The point-like topological defects as with degener-
acy points in Hamiltonian parameter space of a spin-1/2 sys-
tem could be viewed as the physical counterpart of topologi-
cal invariant, which can be described by the first Chern num-
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ber [19]. C1 can be extracted by integrating Berry curvature
over the closed surface. Gritsev et al. [20] proposed an ef-
fective method to measure the Berry curvature directly via the
nonadiabatic response on physical observables to the rate of
change of an external parameter. The method provides a pow-
erful and generalized approach to explore topological proper-
ties in arbitrary quantum systems where the Hamiltonian can
be written in terms of a set of externally controlled parame-
ters. Taken into account this method, some researchers mea-
sured the topological transition C1 = 1 → 0 in a single su-
perconducting qubit [21], and others observed the topological
transitions in interacting quantum circuits [22]. Experimental
schemes have also been proposed to simulate the dynamical
quantum Hall effect in a Heisenberg spin chain with interact-
ing superconducting qubits [23], and to realize several-spin
one-dimensional Heisenberg chains using nuclear magnetic
resonance (NMR) simulators [24].
In this paper, we study theWu-Yangmonopoles [25], which
remove out the “Dirac string” by gauge transformation in pa-
rameter space of the Hamiltonian of a driven superconducting
qubit for both geometry (Berry curvature) and topology (the
first Chern number,C1). The topological structure of the qubit
can be captured by the distribution of Berry curvature, which
describes the geometry of eigenstates of the Hamiltonian. We
note that degenerate points in parameter space of the Hamil-
tonian act as the sources (sinks) of C1 and are analogues to
magnetic monopoles gN(S) (C1 = 1 ↔ gN, C1 = −1 ↔ gS).
We also note that the transition of quantum states is asym-
metric during the process when the degeneracy passes from
outside to inside and again outside the manifold spanned by
system parameters, and the Berry curvature and the fidelity of
quantum states have some interesting correlations during the
process of topological transition. We give a preliminary ex-
planation to it by introducing the notion of magnetic charges.
This general method also can be simulated by other spin-1/2
systems. For example, it can be extended to that in an NMR
system and is possible to experimentally investigate more in-
triguing properties of multi-monopoles, which could be used
to construct new kinds of devices based on synthetic magnetic
fields.
2The configuration of this paper proceeds as follows. In
Sec. II, we introduce the quantum geometric metric tensor and
show its relation to the Berry curvature. In Sec. II.1, we de-
scribe how the first Chern numbers are obtained from Berry
curvatures. In Sec. II.2, we outline an effective method to
measure the Berry curvature directly via the nonadiabatic re-
sponse on physical observables to the rate of change of an ex-
ternal parameter. In Sec. II.1, we describe how the first Chern
numbers are obtained from Berry curvatures. As a useful ex-
ample, we introduce a physical model for the simulation of
the Abelian Wu-Yang monopoles by a driven superconduct-
ing qubit in Sec. III. In Sec. IV we explain how Wu-Yang
monopoles are differ from the Dirac monopoles through two
kinds of quantum state manifolds. Finally, in Sec. V, we dis-
cuss some interesting correlations between the Berry curva-
ture and the quantum states during the process of topological
transition, we then describe the experimental feasibility of this
theoretical method.
II. GEOMETRY AND TOPOLOGY IN THE SPECIFIC
STATE MANIFOLD
Consider a family of parameter-dependent Hamiltonian ~λ
for a quantum system and require ~λ to depend smoothly on
a set of parameters ~λ = (λ1, λ2, · · · ) ∈ M (M denotes
the Hamiltonian parameters base manifold) and act over the
Hilbert space. The outline font 1 and 2 indicate different in-
dices. The distance between the two neighbouring specific
(say, ground) state wave functions |ψ0(~λ)〉 and |ψ0(~λ + d~λ)〉
overM is [26–28]
ds2 = 1− |〈ψ0(~λ)|ψ0(~λ+ d~λ)〉|2 =
∑
µν
gµνdλ
µdλν , (2.1)
where the quantum (Fubini-Study) metric tensor gµν associ-
ated with the ground state manifold is the symmetric real part
of the quantum geometric tensor Qµν :
Qµν = 〈∂µψ0|∂νψ0〉 − 〈∂µψ0|ψ0〉〈ψ0|∂νψ0〉, (2.2)
gµν = Re[Qµν ] = (Qµν + Q
∗
µν)/2, (2.3)
with ∂µ(ν) ≡ ∂/∂λµ(ν). The Hermitian metric tensor Qµν
remains unchanged under arbitrary λ-dependent U(1) lo-
cal gauge transformation of |ψ0(~λ)〉. In another pioneering
work [18], Berry introduced the concept of the geometric
phase and the related geometric curvature (also called Berry
phase and Berry curvature). The Abelian Berry curvature Fµν
is given by the antisymmetric imaginary part of Qµν :
Fµν = −2Im[Qµν ] = i(Qµν − Q∗µν) = ∂µAν − ∂νAµ, (2.4)
where Aµ(ν) = i〈ψ0(~λ)|∂µ(ν)|ψ0(~λ)〉 is just the Berry con-
nection.
II.1. The Chern-Gauss-Bonnet theorem
LetMm be a compact oriented Riemann manifold of even
dimension (m = 2n) and define onMm a global m form, the
Chern-Gauss-Bonnet (C-G-B) formula says that∫
Mm
e(Ω) = χ(M), (2.5)
where e(Ω) is the Euler class, χ(M) ≡ 2(1 − g) is the inte-
ger Euler characteristic describing the topology of the smooth
manifoldM and g is the genus that also can be considered as
the number of holes of the manifold. As shown in Fig. 1, two
simplest closed manifolds are taken for example. In the lower
dimensional version, theC-G-B theorem reduces to the Gauss-
Bonnet (G-B) theorem. The Fubini-Study tensor gµν defines
a Riemannian manifold related to the ground state. Especially
, the structure of the Riemannian manifold provides a differ-
ent topological integer, given by using the G-B theorem to the
metric tensor in quantum version [29]:
1
2π
(∫∫
M
K dS +
∮
∂M
κg dl
)
= χ(M), (2.6)
where K (Gauss curvature), dS (area element), κg (geodesic
curvature), and dl (line element) are geometric invariants,
meaning that they remain unchanged under any change of
variables. The left side of Eq. (2.6) are the bulk (M) and
boundary (∂M) contributions to χ(M) of the Riemannian
manifold. If the manifoldM is compact and without bound-
ary (closed), then the boundary Euler integrals vanish, as we
prove in detail in Appendix I of the Supplementary data. In
this paper we will focus only on the two-dimensional (m = 2
in Eq. (2.5)) version and the dimensionality here is that of pa-
rameter space (i.e., S2) which is composed by the polar angle
θ and the azimuthal angle φ of a magnetic field applied to a
spin-1/2 system. Then we get the global G-B theorem on the
sphere
1
2π
∮
S2
K dS = χ(S2). (2.7)
To catch the significance of the first Chern number C1, we
need to adiabatically change these parameters around a loop
that bounds a sphere S2 to acquire a Berry phase, which can
be written as
ϕBerry =
∫∫
S2
FµνdSµν =
∫∫
S2
~F · d~S, (2.8)
where dSµν is a directed surface element, ~S is a vector normal
to the sphere S2 and ~F is a vector known as the Berry cur-
vature analogous to the magnetic field in electromagnetism,
which is given by the off-diagonal components of the electro-
magnetic tensor Fµν , see in Eq. (2.4). For example, the Berry
curvatures F
(N)
θφ and F
(S)
θφ only have off-diagonal components.
As we all know by now, Berry phase depends on the U(1)
local gauge choice |ψi〉 → eiϕ(θ,φ)|ψi〉, where |ψi〉 is a certain
eigenstate in this paper (subscript i = 0, 1), showing that the
3.
.
.
FIG. 1. (Color online) Euler characteristic for a torus (doughnut)
and a sphere. From the torus’s point of view, the Gauss curvature is
positive when the curving of the surface is elliptic (the green area). If
the parabolic likes a plane (the red circle), then the Gauss curvature
is zero. If the surface stars to show hyperbolic curving such as a
saddle (the blue area), then the Gauss curvature becomes negative.
From the sphere’s point of view, the Gauss curvature is a positive
constant. Intuitively, χ(T 2) = 2(1 − g(T 2)) = 0 and χ(S2) =
2(1− g(S2)) = 2.
Berry curvature is gauge invariant. Therefore, we obtain the
integral
C1 =
1
2π
∮
S2
FµνdSµν =
1
2π
∮
S2
~F · d~S, (2.9)
is a kind of robust topological invariant known as the first
Chern number, and it could be viewed as counting the number
of times an eigenstate circles around a sphere in the Hilbert
space [21].
II.2. Measuring the Berry curvature
In analogy to electrodynamics, the local gauge-dependent
Berry connection Aµ can never be physically observed, while
Berry curvature Fµν is gauge-invariant and may be related
to a physical observable that manifests the local geometric
property of the eigenstates in the parameter space. The first
Chern number reveals the global topological property of such
a Hamiltonian manifold. In fact, C1 exactly counts the num-
ber of degenerate points enclosed by parameter space S2, see
in Appendix II of the Supplementary data, where we endow
it with physical meaning by using the conception of the mag-
netic monopole. We substitute Aµ into Fµν(~F) and rewrite the
Berry curvature as
Fµν = i
∑
n6=0
〈ψ0|∂µHˆ |ψn〉〈ψn|∂νHˆ |ψ0〉 − (ν ↔ µ)
(En − E0)2 , (2.10)
where En and |ψn〉 are the n-th eigenvalue and its correspond-
ing eigenstate of the Hamiltonian Hˆ , respectively. Eq. (2.10)
indicates that degeneracies are some singularities that will
contribute nonzero terms to C1 in Eq. (2.9).
In order to extract the Chern number of closed manifolds in
the parameter space of the two-level system Hamiltonian, we
analytically describe a simple topological structure of a super-
conducting qubit driven by a microwave field. In Ref. [20],
it states that Berry curvature can be extracted from the lin-
ear response of the qubit to nonadiabatic manipulations of its
Hamiltonian Hˆ(µ = θ, ν = φ), which leads to a general force
Mφ ≡ −〈ψ0(t)|∂φHˆ|ψ0(t)〉, given by [20, 21, 30]
Mφ = const+ υθFθφ +O(υ2), (2.11)
where υθ is the rate of change of the parameter θ (quench
velocity) and Fθφ is a component of the Berry curvature ten-
sor. To neglect the nonlinear term, the system parameters
should be ramped slowly enough or quasi-adiabaticly.
III. FROM DIRAC MONOPOLE TO WU-YANG
MONOPOLE
In order to discuss in more detail about Dirac monopole, we
first consider a monopole with the magnetic field sitting at the
origin
∇ ·~B = 4πgδ(~r). (3.1)
It follows from ∇2(1/r) = −4πδ(~r) and ∇(1/r) = −~r/r3
that the solution of this equation is
~B = ~F(r, θ, φ) = g~r/r3, (3.2)
where g = ∓1/2. The magnetic flux Φ is obtained by inte-
grating over a sphere S2 of radius r so that
Φ =
∮
S2
~B · d~S = 4πg. (3.3)
But if ~B = ∇ × ~A, this integral would have to vanish. Thus
magnetic vector potential ~A cannot exist everywhere on S2,
even though ∇ ·~B is only non-zero at the origin, and the best
we can do is to find an ~A defined everywhere except on a line
joining the origin to infinity, such that ~B = ∇× ~A. To see this
is possible, it may reasonably consider the field due to an in-
finitely long and thin solenoid placed along the negative z axis
with its positive pole which has strength g at the origin [31].
For example, let us introduce the singular vector potential
Ar = Aθ = 0, Aφ =
g(1 − cos θ)
r sin θ
, (3.4)
and verify that
∇× ~A = g~r/r3 + ~Bs, (3.5)
where ~Bs is the singular vector field along z-axis, with the
expression
~Bs =
{
4πgδ(x)δ(y)θ(z), z < 0, θ = π
0, z > 0, θ = 0
. (3.6)
The singularity along the z-axis is called the Dirac string and
reflects the poor choice of the coordinate system, as is shown
4FIG. 2. (Color online) FromDirac monopole toWu-Yang monopole.
(a) Dirac monopole. Maxwell’s equations can accommodate mag-
netic monopoles, due to quantum mechanics, it is always possible to
create a magnetic field emerging from a point by importing the field
from far distance to the point through an infinitely thin physically un-
detectable magnetic flux tube, which is called the Dirac string. From
the endpoint of the string, magnetic field lines emerge radially out-
wards in the same way as electric field lines emerge from an electric
point charge, so that the endpoint acts as a magnetic monopole. (b)
Wu-Yang monopole. By selecting different coordinate systems to
eliminate the singularity of Dirac string.
in Fig. 2(a). This magnetic field differs from~B only by the sin-
gular magnetic flux along the solenoid but it is clearly source-
free; while at the origin, ~B vanishes. Thus it may be repre-
sented by a vector potential, ~A (say), everywhere and we may
write
~B = ∇× ~A− ~Bs. (3.7)
Now, let us describe how these monopoles differ from the
standard Dirac monopoles. Under the condition of quantum
excited state manifold, and from Eq. (3) and Eq. (4) in Ap-
pendix I of the Supplementary data, we obtain the magnetic
field of the south monopole
F
(S)
θφ = −2Im[Qθφ] =
1
2
(
0 − sin θ
sin θ 0
)
. (3.8)
The corresponding Berry curvature ~F
(S)
= −1/2 sinθdθ∧dφ
is a symplectic form on S2. If we transform it to the Coulomb-
like magnetic field
~F
(S)
(r, θ, φ) = gS~r/r
3 = −~r/2r3, (3.9)
it turns out to be the magnetic field originating from a
monopole located at the origin with magnetic charge gS =
−1/2 [19]. Similarly, if we take another eigenstate which cor-
responds to the quantum ground state manifold
|ψ0(θ, φ)〉 = − sin(θ/2)|0〉+ eiφ cos(θ/2)|1〉, (3.10)
where we set sin(θ/2) = −Ω2
/√
Ω2
4 + (E0 − ∆2 )2, and
cos(θ/2) = −(E0 − ∆2 )
/√
Ω2
4 + (E0 − ∆2 )2, then we have
the magnetic field of the north monopole
F
(N)
θφ =
1
2
(
0 sin θ
− sin θ 0
)
. (3.11)
The corresponding Berry curvature is ~F
(N)
= 1/2 sin θdθ ∧
dφ, and the magnetic field
~F
(N)
(r, θ, φ) = gN~r/r
3 = ~r/2r3, (3.12)
with the magnetic charge gN = 1/2.
T. T. Wu and C. N. Yang [25] noticed that it may employ
more than one vector potential to describe monopoles. For
example, we may avoid singularities if we adopt ~AN in the
northern hemisphere and ~AS in the southern hemisphere of the
sphere S2 surrounding the monopole, as depicted in Fig. 2(b).
It shows that the vector potential ~AN in region of S2N can be
expressed as
(Ar)N = (Aθ)N = 0, (Aφ)N =
g(1− cos θ)
r sin θ
, (3.13)
and the vector potential ~AS in region of S2S can be expressed
as
(Ar)S = (Aθ)S = 0, (Aφ)S = −g(1 + cos θ)
r sin θ
. (3.14)
Obviously, the two vector potentials yield the magnetic field ~B
= g~r/r3, which is non-singular everywhere on the sphere [32].
Need of special note is that the magnetic monopoles we
simulate here are the Abelian Wu-Yang monopoles, which by
selecting different coordinate systems to eliminate the singu-
larity of Dirac string. The two coordinate systems are char-
acterized by the choice of two different Berry curvatures, see
more in Appendix II of the Supplementary data.
IV. PHYSICAL MODEL FOR IMPLEMENTATION
DQKDUPRQLFLW\
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FIG. 3. (Color online) Energy spectrum of the superconducting
transmon qubit. Here we assume the qubit is effectively a nonlin-
ear resonator, with a transition frequency of ωq = 4.395 GHz and
the anharmonicity of 280 MHz, to ensure that the qubit transition
only occurs between the ground state and the first excited state [34].
As we have mentioned above, the degenerate points emerg-
ing from the Berry curvature Fµν act as the sources (the north
magnetic charge gN) and sinks (the south magnetic charge gS)
5FIG. 4. (Color online)Measuring Berry curvature in a superconduct-
ing transmon qubit. (a) Experimental pulse sequence. Following an
initial measurement to project into the ground state and the excited
state, the detuning and Rabi drive are ramped along Eq. (4.4), with
parameters tramp = 1 µs, ∆1 = 2pi × 30 MHz, Ω1 = 2pi × 10 MHz
and Ω2 = 4pi × 10 MHz. (b) Using Eq. (4.5), one can extract the
different Berry curvatures Fθφ from the measured values of 〈g|σˆy |g〉
(the upper part) and 〈e|σˆy |e〉 (the lower part) at ∆2 = 0. The curva-
ture of Ω2 is approximately half that of Ω1.
of C1(±1) and are analogous to Wu-Yang monopoles in pa-
rameter space. We reconsider the proposal that use a super-
conducting transmon qubit described in Ref. [21]. As seen in
Fig. 3, where an anharmonicity of 280 MHz makes the qubit
an effective two-level system in the parameter scope. In the
rotating frame of a microwave drive with frequency ωm, the
Hamiltonian for the qubit can be written as (~ ≡1) [33, 34]
Hˆ = 1/2[∆σˆz +Ωσˆx cosφ+Ωσˆy sinφ], (4.1)
where∆ = ωm − ωq, σˆi(i = x, y, z) is the Pauli spin matrix,
φ and Ω are the phase of the drive tone and the amplitude of
the drive tone as the Rabi frequency, respectively.
By changing these parameters (∆ and Ω), we can create
arbitrary single-qubit Hamiltonians that can be represented in
terms of a set of parameters as an ellipsoidal manifold. The
eigenstates of this Hamiltonian are
|ψ0〉 = Ω/2 |0〉√
Ω2
4 + (E0 − ∆2 )2
− eiφ (E0 −∆/2)|1〉√
Ω2
4 + (E0 − ∆2 )2
, (4.2)
|ψ1〉 = Ω/2 |0〉√
Ω2
4 + (E1 − ∆2 )2
+ eiφ
(E1 −∆/2)|1〉√
Ω2
4 + (E1 − ∆2 )2
, (4.3)
where |0〉 = |e〉 = (1, 0)T is the excited state and |1〉 = |g〉 =
(0, 1)T is the ground state. The corresponding eigenvalues of
FIG. 5. (Color online) The Berry curvature measured as a function
of ∆2/∆1. In the region of |∆2/∆1| < 1, (a) shows the Berry
curvature is positive (the green part), accompanied with the ground
state evolution, while (b) shows the curvature is negative (the blue
part), accompanied with the excited state evolution, and it disappears
at the dashed line with∆2/∆1 = 1 and Ω1 = 2pi × 10MHz.
the eigenstates |ψ1(0)〉 are E1(0) = ± 12
√
Ω2 +∆2. We notice
that for E1 = E0, Eq. (2.10) clearly shows that degeneracies
are some singular points that will contribute nonzero terms to
C1 in Eq. (2.9). In particular, with the choice
∆ = ∆1 cos θ +∆2, Ω = Ωn sin θ, (4.4)
the Hamiltonian can be presented in parameter space as an
ellipsoidal manifold with cylindrical symmetry about the z-
axis [21]. Here, we set ellipsoids of size∆1 = 2π× 30MHz,
and Ωn = 2nπ × 10 MHz (n = 1, 2, 3), and vary ∆2/(2π)
between −60 and 60 MHz. The topological properties are
independent of deformations of the manifold that includes the
degenerate point and the choice of these particular parameters
does not really matter.
Fig. 4(a) depicts an implementable pulse sequence used to
measure the Berry curvature. We respectively initialize the
qubit in its bare ground state |g〉 and bare excited state |e〉 at
θ(t = 0) = 0 (this method works for arbitrary eigenstates
of the initial Hamiltonian, so the particular state targeted is
irrelevant), fix φ(t) = 0, and linearly ramp the angle θ(t) =
πt/tramp in time, stopping the ramp at various times tmeas ≤
tramp to execute qubit tomography. From Eq. (2.10), the Berry
6curvature reads
Fθφ =
〈∂φHˆ〉
υθ
=
Ωn sin θ
2υθ
〈σˆy〉, (4.5)
where υθ = θ˙(t) = π/tramp. Fig. 4(b) shows the results of
different Berry curvatures with Ω1 and Ω2, respectively, for
a protocol with tramp = 1µs and ∆2 = 0. We extract the
Berry curvatures Fθφ from the measured values of 〈g|σˆy|g〉
and 〈e|σˆy |e〉. The Berry curvature is positive when the curv-
ing of the surface is elliptic. The sharper the elliptic curving,
the greater the Berry curvature. And if the surface starts to
show hyperbolic such as a saddle, then the Berry curvature
becomes negative, and the sharper the hyperbolic curving of
the surface, the smaller the Berry curvature, just the same as
the Gauss curvature in Fig. 1.
To induce a topological transition in the qubit, the detuning
offset ∆2 is first changed. At the same time, the ground and
excited states evolution are quantitatively modified. But for
|∆2| < |∆1|, the corresponding Berry curvature as we see
in Fig. 5(a) shows the Berry curvature acts like the magnetic
field produced by a north magnetic charge gN (sources), while
Fig. 5(b) shows that it acts like the magnetic field produced
by a south magnetic charge gS (sinks). The scale of the Berry
curvature corresponds to the strength of the magnetic field and
it falls with the square of distance between the manifold and
the magnetic poles. However, for |∆2| > |∆1|, it gives the
zero Berry curvature, meaning that the system undergoes a
topological transition at |∆2| = |∆1|. Such a transition only
occurs when the Berry curvature becomes ill defined at the
point∆ = Ω = 0 in Eq. (2.10).
By integrating Eq. (4.5), we obtain the first Chern number
C1 =
1
2π
∫ pi
0
dθ
∫ 2pi
0
dφFθφ =
∫ pi
0
Fθφdθ. (4.6)
The measured Chern number C1 is plotted in Fig. 6(b),
showing a relatively sharp transition at the expected value
|∆2/∆1| = 1. We find that the topological transition in the
elliptical manifold (the green line) is sharper (faster) than that
in the sphere manifold (the red line) shown in Fig. 6(b), and
it shows that the topological invariant C1 is strongly robust
against variations in Hamiltonian parameters, such as in Rabi
frequency Ωn and in detuning ∆1. The topological transi-
tion corresponds to degeneracies moving from outside to in-
side and again outside the elliptical manifold. In other words,
the Chern number is nonzero as long as there exists Berry
curvature. From this point of view, we can set up the cor-
responding relation between topological invariants and mag-
netic monopoles [10, 21, 22]. Then we can draw such a con-
clusion, as shown in Fig. 6, with a formula [19]
C1 = magnetic number = ±1, (4.7)
where “1” is the number of the degeneracy points in parameter
space of the Hamiltonian, and the sign “±” corresponds to the
polarity of the magnetic charge in parameter space (C1 = +1
↔ gN, C1 = −1↔ gS).
FIG. 6. (Color online) Measuring the topological transition. (a) Fix
the degenerate point (green ball) at origin ∆ = Ω = 0, and ma-
nipulate the Hamiltonian sphere from down to up, so that the point
(act as sources gN) passes from outside to inside and again outside
the manifold which releases the magnetic line. (b) The change of C1
along with the process of topological transition. The red (real) line
corresponds to process (a) and the blue (dashed) line corresponds to
process (c) with parameters ∆1 = Ω3 = 2pi × 30 MHz (the sphere
manifold), while the green (real) line corresponds to∆1 = 2pi × 30
MHz and Ω1 = 2pi × 10 MHz (the elliptical manifold), separately
[21]. (c) The topological transition is same to that shown in (a), while
the point (blue ball) passes from outside to inside and again outside
the manifold which acts as sinks gS that gathers the magnetic line.
V. RESULTS AND DISCUSSION
In Eq. (4.4), θ = 0 and π corresponds to∆ = ∆1+∆2 and
∆ = −∆1 + ∆2, respectively. For the case with ∆ = 0 and
Ω 6= 0, i.e., the microwave drive induces the resonant transi-
tion between the two states |0〉 and |1〉 of the qubit, the two
eigenstates in Eq. (4.2) and Eq. (4.3) become a degenerate
state |ψs〉 = 1√2 (|e〉+ |g〉).
Based on this point, we track and investigate the change of
the quantum states accompanied with the change of the Berry
curvatures. In Fig. 7, the fidelity of the target state |g〉 and
|e〉 is plotted versus θ/π and ∆2/∆1, where the fidelity is
7FIG. 7. (Color online) The fidelity of the target states versus θ/pi and
∆2/∆1. The initial state |e〉 (will evolve within |ψ0〉) is set in (a)
and (c). The initial state |g〉 (will evolve within |ψ1〉) is set in (b) and
(d). In (a) and (b), the density matrix of the target state is ρˆ(tf ) =
|g〉〈g|, while in (c) and (d) the density matrix is ρˆ(tf ) = |e〉〈e|. The
parameter chosen here are ∆1 = 2pi × 30 MHz, Ω1 = 2pi × 10
MHz, and ∆2 ramps from −2∆1 to 2∆1. The Berry curvature only
has relatively strong influence around |∆2/∆1| = 1 which is shown
circled in (a) and (c).
defined as f = 〈ψj |ρˆ(tf )|ψj〉 (j = 0, 1). We note that the
quantum state flips at ∆2/∆1 = −1, when the monopole
in parameter space passes from outside to inside the spheri-
cal manifold, except the area where the Berry curvatures (the
magnetic fields) exist. However, the quantum state does not
flip at∆2/∆1 ≥ 1, because of the Berry curvatures no longer
exist in the manifold and the Gauss theorem of magnetic field
turns into Stokes theorem, see in (a) and (c) of Fig. 6.
We note that, the strength of the magnetic field (Berry
curvature) has an apparent impact on the quantum state |ψ0〉
in (b) and (d) of Fig. 7, while it only has relatively strong in-
fluence on the state |ψ1〉 around |∆2/∆1| = 1 in (a) and (c)
of Fig. 7 (the dashed circle).
In order to illustrate the change of the quantum states in the
process of topological transition in more detail, we choose a
special position at θ = π, and thus get ∆1 = ∆2. For such
a case, the initial state evolves to the degenerate state |ψs〉.
Fig. 8(a) depicts the status of quantum states in (a) and (d)
of Fig. 7, and Fig. 8(b) depicts the status of quantum states
in (b) and (c) of Fig. 7. From Fig. 8(c) and Fig. 8(d), we
note that the fidelity is fluctuating around ∆2/∆1 = 1. We
attribute this interesting phenomenon to the influence of the
magnetic fields resulting from the magnetic charges. When
the charges pass from inside to outside the Hamiltonian man-
ifold, the quantum states influenced by the Berry curvatures
will cause ripples in the Hilbert space, a detailed discussion
will be presented in the future works. While for the position
at∆2/∆1 = −1, there is no such apparent fluctuating because
the quantum states still have not been affected by the magnetic
field. More vividly speaking, the quantum states have not yet
been “magnetized” by the magnetic monopoles. Actually, ac-
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FIG. 8. (Color online) The fidelity of the target states versus∆2/∆1
at θ = pi. (a) The fidelity:
∣
∣〈ψ1|g〉|
2 or
∣
∣〈ψ0|e〉|
2. (b) The fi-
delity:
∣
∣〈ψ0|g〉|
2 or
∣
∣〈ψ1|e〉|
2. (c) The fidelity of the degenerate state:
∣
∣〈ψ0|ψs〉|
2. (d) The fidelity of the degenerate state:
∣
∣〈ψ1|ψs〉|
2.
cording to these phenomena, we find a new way to control the
evolution of system quantum states by manipulating (moving)
the monopoles (degenerate points) in the manifolds.
Hereinbefore upwards, our main consideration about how
to simulate Abelian Wu-Yang monopoles in parameter space
just relies on a driven superconducting qubit. However, this
general method also could be simulated by other spin-1/2 sys-
tems, such as a NMR system in a synthetic magnetic field. A
simple experimental scheme is shown in Appendix III of the
Supplementary data.
VI. CONCLUSION
We have simulated the Abelian Wu-Yang monopoles in pa-
rameter space of the Hamiltonian of a superconducting qubit
controlled by a microwave drive for both geometry (Berry
curvature) and topology (Chern number). The topological
structure of the qubit can be captured by the distribution of
Berry curvature, which describes the geometry of the eigen-
states of the Hamiltonian. We note that during the process
of topological transition, the Berry curvature and the fidelity
of quantum states have some interesting correlations due to
the influence of the magnetic fields resulting from the mag-
netic charges. We also note that the quantum state flips at
the position where the topological transition occurs, when
the monopole in parameter space passes from outside to in-
side and again outside the spherical manifold, except the area
where the Berry curvatures (the magnetic fields) exist. This
phenomenon might provide a promising perspective to flexi-
bly manipulate the qubit states by designing the specific syn-
thetic magnetic fields.
Degenerate points in parameter space of the Hamiltonian
act as the sources (sinks) of C1 and are analogues to magnetic
monopoles. We also note that the transition of quantum states
is asymmetric during the process when the monopole passes
8from outside to inside and again outside the Hamiltonian man-
ifold. For example, when the monopole passes from inside
to outside the Hamiltonian manifold, the quantum states in-
fluenced by the Berry curvatures cause ripples in the Hilbert
space. However, when the monopole passes from outside to
inside the Hamiltonian manifold, there is no such apparent
fluctuating. We give a preliminary explanation to this interest-
ing phenomenon by introducing the notion of magnetization
of the magnetic charges. This method also can be simulated
by other spin-1/2 systems. For example, it can be extended
to NMR systems and it is possible to experimentally inves-
tigate more intriguing properties of multi-monopoles. This
could thus be used to construct new kinds of devices based on
synthetic magnetic fields.
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Appendix
I. PROOF OF EQ. (7) IN THE MAIN TEXT
The metric is written in the first fundamental form as
ds2 = E(dλ1)2 + 2Fdλ1dλ2 + G(dλ2)2, (1)
then the geometric invariants (K, κg, dS and dl) are given by [1, 2]
K =
1√
g
[
∂
∂λ2
(√
g Γ2
11
E
)
− ∂
∂λ1
(√
g Γ2
12
E
)]
,
κg =
√
gG−3/2Γ1
22
,
dS =
√
gdλ1dλ2,
dl =
√
gdλ2,
(2)
where κg and dl are given for a curve of constant λ
1. The metric determinant g = EG − F2, and
the Christoffel symbols Γσµν are
Γσµν =
1
2
gσλ(∂ν gµλ + ∂µ gνλ − ∂λ gµν), (3)
where gµν is the inverse of the metric tensor gµν .
Now we consider a two-level quantum system living in a complex spaceC2. The corresponding
space of quantum state may be parameterized by standard spherical angles (θ, φ). Because of the
ellipsoid and sphere are homeomorphism to each other. For the sake of simplicity, we take a local
section: S2 ∋ θ, φ→ |ψ(θ, φ)〉 ∈ S3 = S(C2), defined by
|ψ1(θ, φ)〉 = cos(θ/2)|0〉+ eiφ sin(θ/2)|1〉, (4)
where we set cos(θ/2) = Ω
2
/√
Ω2
4
+ (E1 − ∆2 )2 and sin(θ/2) = (E1 − ∆2 )
/√
Ω2
4
+ (E1 − ∆2 )2.
Let λ1 = θ and λ2 = φ, one can easily compute the following:
〈∂θψ1|∂θψ1〉 = 1/4, 〈∂φψ1|∂φψ1〉 = sin2(θ/2),
〈∂θψ1|∂φψ1〉 = −〈∂φψ1|∂θψ1〉 = i/4 sin θ,
〈∂φψ1|ψ1〉〈ψ1|∂φψ1〉 = sin4(θ/2),
〈ψ1|∂φψ1〉 = −〈∂φψ1|ψ1〉 = i sin2(θ/2).
(5)
2Hence, the corresponding components of the Fubini-Study metric tensor in Eq. (3) in the main
text are given by
E = gθθ = 1/4, F = gθφ = 0,
G = gφφ = 1/4 sin
2(θ/2),
(6)
with ds2 = 1/4dθ2+1/4 sin2 θdφ2. For example, the metric agrees with the standard metric tensor
on a sphere of radius r = 1/2. We rewrite the Fubini-Study metric tensor in matrix form
gµν =

 1/4 0
0 1/4 sin2 θ

 , gµν =

 4 0
0 4 csc2 θ

 , (7)
and get
∂θgµν =

 0 0
0 1/2 sin θ cos θ

 , ∂φgµν =

 0 0
0 0

 , (8)
where µ (ν) = θ, φ. Now we substitute Eq. (8) into Eq. (3), which shows that
Γθφφ = 1/2g
θθ(2∂φ gφθ − ∂θ gφφ) = − cos θ sin θ,
Γφφθ = 1/2g
φφ(∂θ gφφ) = cot θ.
(9)
The corresponding matrix form is
Γθµν =

 0 0
0 − cos θ sin θ

 ,Γφµν =

 0 cot θ
cot θ 0

 . (10)
Then we calculate the geometric invariants appearing in Eq. (2)
√
g =
√
EG− F2 = 1/4 sin θ, K = −1
g
∂
∂θ
(√
g Γφθφ
E
)
= 4,
κg =
√
gG−3/2Γθφφ = −2 cot θ, dS = 1/4 sin θdθdφ, dl = 1/2 sin θdφ.
(11)
where we set r = 1/2. The integer Euler characteristic for a sphere is χ(S2) = 2, and Eq. (6) in
the main text satisfies
∫∫
S2
K dS +
∮
∂S2
κg dl = 4π, (12)
where we note that θ = π/2 and κg = 0, thus to finally we get
1
2π
∮
S2
K dS = χ(S2). (13)
3II. THE FIRST CHERN NUMBER AND WU-YANG MONOPOLE
Let us first introduce the Chern classes and consider a complex hermitian vector bundle with
the structure Lie group G = GL(n,C). We define the invariant polynomials ck ∈ Ik(G) by
det
(
1+
i
2π
F
)
=:
n∑
k=0
ck(F). (14)
One calls ck(F) a k-th Chern form. The k-th Chern class Ck(P) of the bundle P is defined by
Ck(P) := Jck(F)K, (15)
where “J K” represents the cohomology class. It is easy to show that
ck(F) =
(−1)k
(2πi)k
ǫj1···jki1···ik F
i1
j1
∧ · · · ∧ Fikjk , (16)
and
ǫj1···jki1···ik := δ
j1
[i1
· · · δjkik ], (17)
where “∧” stands for the wedge product and square bracket for anti-symmetrization, for example,
αj[iβ
j
i] = α[iβj] = (α ∧ β)ij = αiβj − αjβi. One easily finds that
C0(P) = 1,
C1(P) = i
2π
Tr F,
C2(P) = 1
2
(
i
2π
)2(
Tr F ∧ Tr F− Tr(F ∧ F)),
...
Cn(P) =
(
i
2π
)n
det F. (18)
For example, U(1)-bundles are characterized by the first Chern class C1(P):
C1(P) = i
2π
Tr F =
i
2π
F. (19)
Let P → M be a principal G-bundle and suppose that the base M is an oriented compact
manifold of dimensional 2n. Then the value of the integral
∫
M
Cn(P) =
∫
M
cn(F), (20)
is called the Chern number of the bundle, to speak of, this abstract mathematical concept plays
an important role in modern physics. To deduce the quantization of C1, we will use an argument
4similar to Dirac’s argument showing that the magnetic monopole charge is quantized [7, 8]. After
that, we will explicitly relate this quantized value to the number of enclosed “magnetic monopoles”
in parameter space [3]. Following Wu and Yang [5], we let UN and US be open subsets in S2 such
that:
1. UN (US) contains the north (south) pole;
2. UN ∪ US = S2, and UN ∪ US 6= Ø.
Now, a U(1)-bundle over S2 is uniquely determined by a transition function
ΓNS : UN ∪ US → U(1). (21)
For G = U(1), we have electromagnetism. A local transformation T induces the following trans-
formations of local connections and curvatures:
A′ = T−1 · A · T + T−1 · dT, F′ = T−1 · F · T. (22)
Let us take T = ΓNS(θ, φ):= e
inφ. Clearly, the local connection forms are related by
AS = AN + Γ
−1
NS d ΓNS = AN + indφ, (23)
and FN = FS. Let us compute the corresponding Chern number of the magnetic bundle (U(1)-
bundle):
C1 =
∫∫
S2
C1(P). (24)
To do this, let us define up, S2N, and down, S2S , hemispheres, as is shown in Fig. 1, as follows:
S2N :=
{
(λ1, λ2, λ3) ∈ S2 ∣∣ λ3 ≥ 0},
S2S :=
{
(λ1, λ2, λ3) ∈ S2 ∣∣ λ3 ≤ 0}. (25)
Evidently, S2N ∪ S2S = S2 and S2N ∩ S2S = S1, where S1 is an “equatorial” circle that we provide
with the orientation it inherits from S2N. One has
FN = dAN on S2N ⊂ UN, FS = dAS on S2S ⊂ US, (26)
and, since Tr F = F, the Stokes theorem (pay attention to the orientations) implies that∫∫
S2N
FN =
∫∫
S2N
dAN =
∮
S1
AN,
∫∫
S2S
FS =
∫∫
S2S
dAS = −
∮
S1
AS. (27)
Thus we obtain the following formula for the Chern number:∫∫
S2
C1(P) = i
2π
∫∫
S2N
FN +
i
2π
∫∫
S2S
FS
5FIG. 1: (Color online) Wu-Yang monopole (the green ball). We may avoid singularities of Dirac string
by adopting ~AN in the northern hemisphere S2N and ~AS in the southern hemisphere S2S of the sphere S2
surrounding the monopole. S1 is the oriented boundary of surface.
=
i
2π
∮
S1
(AN − AS) = i
2π
∮
S1
(−indφ) = n. (28)
Note that the Chern number does not depend on a particular choice of A but only on the transition
function ΓNS, which uniquely defines the monopole bundle. Any two bundles with the same [3]
magnetic number = Chern number = n. (29)
III. AN EXPERIMENTAL SCHEME OF SIMULATING MONOPOLES BY SYNTHETIC
MAGNETIC FIELDS
Now we consider an electron moving in a rotating synthetic magnetic field
~B = Bx cos φ~ex + By cos φ~ey + Bz~ez. (30)
and the Hamiltonian can be written as (~ ≡ 1)
Hˆ = Mb[Bx cos φσˆx + By cosφσˆy + MbBzσˆz]. (31)
where Mb = ~e/(2m) is the Bohr magneton, and Bx = By = B1 sin θ and Bz = B1 cos θ + B2
are the magnitude of the horizontal magnetic fields and the magnitude of the vertical magnetic
6FIG. 2: (Color online) The experiment implementation for synthetic magnetic fields. Experimental set-up
shows synthetic magnetic charge (the light blue ball) and bias field (Bx, By and Bz) coils. Red arrows
show horizontal magnetic fields cyclical change in the form of function of sine, and purple arrow indicates
vertical magnetic field cyclical change in the form of function of cosine. (Modified experimental apparatus
appears on Ref. [9])
field, separately. θ and φ = ω0t are the phase of the drive magnetic field and the frequency of the
magnetic field, separately. From this point of view, the magnetic monopoles could be implemented
in the real physical systems, as shown in Fig. 2.
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